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TOOTH-ROOT BENDING FATIGUE AND TEMPERATURE ANALYSIS OF 

PLASTIC GEARS USING THE TAGUCHI–GRA METHOD 

This study evaluates and optimizes the tooth-root bending fatigue strength and root temperature of plastic spur 

gears. It proposes a concise design workflow that couples a Taguchi L18 mixed‑level design with grey relational 

analysis (GRA) and VDI/ISO‑based calculations verified by finite‑element analysis (FEA). The studied factors 

include module (𝑚), face‑width ratio (𝑏/𝑚), profile shift (𝑥), root fillet radius (𝜌/𝑚), normal pressure angle (α), 

and friction coefficient (μ). Finite Element Analysis (FEA) was employed to determine stress and temperature 

distributions under realistic loading conditions. An L18 orthogonal array was used for experimental design, and 

the Grey–Taguchi method enabled multi-objective optimization of conflicting responses. The results show that the 

module and face-width ratio exert the most significant effects on tooth-root bending stress, whereas the fillet radius 

strongly influences temperature rise. The proposed Taguchi–GRA approach demonstrates high accuracy with 

negligible lack of fit, offering a practical and reliable strategy for the design of lightweight and durable plastic 

gears in machine engineering applications. 

1. INTRODUCTION 

Gears have long played a vital role in mechanical transmission systems. Historically, 

they were used in primitive machines. They were then improved to increase lifespan and 

enhance their ability to work in various conditions. Currently, with the development of the 

plastics industry, plastic gears are popular due to their amenability to mass-production by 

injection moulding technology, self-lubrication, and low operating noise [1]. 

The calculation of tooth-root bending stress has been a significant area of focus for many 

researchers. Previous literature reveals extensive investigations, including comparative 

analyses of tooth-root bending strength using different standards and simulations [2]. Other 
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studies have concentrated on how shape factors and stress concentrations, which are 

influenced by variations in the tooth-root fillet geometry, affect bending strength [3]. Further 

research has explored methods for calculating the contact ratio for plastic/plastic and 

plastic/steel gear pairs [4], evaluated the performance of involute gears concerning bending 

strength [5], and utilized complex structures for optimization [6]. Furthermore, much of the 

current research focuses on fatigue. This is also an issue of interest to many authors who 

reviewed the effects of surface finish on fatigue [7], employed Finite Element Analysis (FEA) 

software to predict the formation and propagation of fatigue cracks at the tooth-root [8] and 

compared the influence of different materials using the meshing gear on bending fatigue [9]. 

Alternatively, from a methodological perspective, the distinction between single-tooth 

translation testing and multi-tooth rotation testing in bending fatigue evaluation can also be 

considered [10].  

Specifically, for plastic gears, numerous studies have examined the influence of 

geometric shape on bending strength [11]. Additionally, the thermal behaviour of plastic gears 

has been a key topic of investigation. For instance, researchers have assessed how different 

manufacturing methods affect gear quality in relation to operating temperature [12] and 

compared the operating temperatures of gears made from various materials, such as PA6 and 

PEI [13]. In addition, for the special type of plastic gear, such as the crossed helical plastic 

gear, research has been conducted and the methods for predicting the thermal behaviour have 

been provided [14]. Moreover, geometric modifications [15] and lubrication strategies [16] 

have been explored as ways to lower the operating temperature of plastic gears.  

Although many studies on multi-objective optimization of plastic gears have been conducted, 

they have not yet provided an optimization set of design parameters and bending fatigue 

curves [17, 18]. 

Current standards for plastic gears, such as VDI 2736-2 [19], JIS B 1759 [20], and BS-

6168 [21], present a notable limitation. They provide generalized bending fatigue curves that 

are intended for a wide range of design cases. However, any alteration in geometric 

parameters directly influences the stress distribution, especially at the tooth-root. This 

localized stress is the primary factor that determines the bending fatigue life of the gear. 

Consequently, the bending fatigue curve for an optimally designed gear will differ from the 

standardized curves. Developing a specific fatigue curve that corresponds to an optimal set of 

parameters would enable designers to select these parameters more effectively and 

significantly improve the accuracy of plastic gear design. Furthermore, given the inherent 

temperature sensitivity of plastic materials, another critical objective is to address thermal 

performance. Therefore, this study will also seek to identify an optimal parameter set that 

corresponds to the lowest possible temperature generation at the tooth-root during operation. 

Following the gear design procedure outlined in VDI 2736-2 [19], the process begins 

with calculating the tooth-root temperature. However, this initial step, governed by Formula 

(1), necessitates the determination of the normal module, mn. The value of mn is subsequently 

calculated using Equation (2), a formula that relies on the specified bending fatigue strength 

of the material. 

 

𝜗𝐹𝑢𝐵 ≈ 𝜗0 + 𝑃 ∙ µ ∙ 𝐻𝑉 ∙ (
𝑘𝜗𝐹𝑢𝐵

𝑏∙𝑧∙(𝜈𝑡∙𝑚𝑛)0.75
+

𝑅𝜆,𝐺

𝐴𝐺
) ∙ 𝐸𝐷0.64  (1) 
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Fig. 1. The influence of bending fatigue strength in the design process according to VDI 2736-2 [19] 

𝑚𝑛 ≥ √
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)∙𝜎𝐹𝑢̈

3
 (2) 

where 𝜗𝐹𝑢𝐵 is the tooth-root temperature ( ̊C); 𝜗0 is the surrounding temperature ( ̊C); P 

is the normal power (W); µ is the coefficient of friction; 𝐻𝑉 is the tooth loss degree; 𝑘𝜗𝐹𝑢𝐵
 is 
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the coefficient of temperature transfer; 𝑏 is the width of gear (mm); 𝑧 is the number of teeth; 

𝜈𝑡  is tangential velocity (m/s); 𝑚𝑛  is normal module (mm);  𝑅𝜆,𝐺  is the resistance of the 

mechanism housing for heat transfer; 𝐸𝐷 is relative tooth-engagement time; 𝐴𝐺 is the heat-

dissipating surface of the mechanism housing (m2); 𝐾𝐴  is the application factor; 𝑇𝑑1  is 

nominal torque at the pinion (Nm); 𝜎𝐹𝑢̈ is a strength value, 𝜎𝐹𝑢̈ = 𝜎𝐹𝑙𝑖𝑚/𝑆𝐹 (MPa); 𝜎𝐹𝑙𝑖𝑚 is 

bending fatigue strength (MPa); 𝑆𝐹 is safety factor. This procedural dependence, as illustrated 

in Figure 1, clearly demonstrates that the bending fatigue strength is a critical input that 

directly influences the final design parameters and, therefore, the accuracy of the entire design 

process [19]. 

Despite significant progress in gear mechanics, the existing literature still exhibits 

critical limitations in understanding the fatigue behaviors of plastic gears. Most standards 

continue to rely on generalized S–N fatigue curves, which fail to capture the influence of 

geometric variations and material-specific responses. Furthermore, the combined effects of 

bending fatigue strength and tooth-root temperature—two strongly interdependent factors that 

play a decisive role in gear reliability–have not been systematically investigated. 

For these reasons, this study aims to address the above shortcomings through a dual 

research objective: (i) to evaluate the bending fatigue strength of plastic gears under varying 

design parameters, and (ii) to analyze the corresponding tooth-root temperature. To achieve 

this, the Grey–Taguchi method is integrated with numerical simulation in order to identify 

the optimal set of design parameters. This approach not only minimizes tooth-root stress and 

temperature simultaneously but also improves the accuracy of gear design procedures, 

ultimately contributing to more reliable performance predictions for plastic gears.  

The novelty and main contributions lie in developing a multi-respond optimization 

problem for plastic gears, which simultaneously considers both temperature and bending 

stress to find the optimal parameter set. After determining this optimal set, the corresponding 

bending fatigue curve is identified and evaluated against the current standard, VDI 2736-2. 

The remainder of this paper is organized as follows: Section 2 describes the methodology, 

Section 3 presents the results, and Section 4 provides analysis and discussion. 

2. METHODOLOGY 

In this study, thermal and mechanical responses are treated sequentially. The tooth-root 

temperature is calculated from the VDI 2736-2 equations while tabulated parameters and are  

used as a response in the multi-objective optimization. The mechanical response (tooth-root 

bending stress) is also evaluated separately using the corresponding VDI 2736-2 bending 

formulation under the same load and geometry. The temperature result is not used to drive a 

coupled thermo-mechanical simulation in the present work. 

2.1. FACTORS REGARDING BENDING STRENGTH 

Although there are currently three calculation standards for plastic gears, namely  

[19–21], only VDI 2736-2 is truly complete in providing formulas, design procedures, and 
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the S-N bending fatigue curves. Therefore, this paper will mainly use the formulas from VDI 

2736-2. In addition, some factors that need to be analysed in detail will be considered using 

other standards. The formula of bending stress according to VDI 2736-2 [19]:  

𝜎𝐹𝑢̈ = 𝐾𝐹 ∙ 𝑌𝐹𝑎 ∙ 𝑌𝑆𝑎 ∙ 𝑌𝜀 ∙ 𝑌𝛽 ∙
𝐹𝑡

𝑏∙𝑚𝑛
≤ 𝜎𝐹𝑃  (3) 

where 𝐾𝐹  is the factors for tooth-root load with 𝐾𝐹 = 𝐾𝐴 ∙ 𝐾𝜈 ∙ 𝐾𝐹𝛽 ∙ 𝐾𝐹𝛼 ; 𝑌𝐹𝑎  is the form 

factor takes into account the influence of the tooth shape on the nominal bending stress; 𝑌𝑆𝑎 

is the stress correction factor; 𝑌𝜀 is the contact ratio factor; 𝑌𝛽 is the helix angle factor, and 

because of the spur gear, 𝑌𝛽  = 1; 𝐹𝑡 is the nominal tangential force (N); 𝜎𝐹𝑃 is permission root 

stress, 𝜎𝐹𝑃 = 𝑌𝑆𝑡  ∙  𝜎𝐹𝑙𝑖𝑚𝑁 𝑆𝐹𝑚𝑖𝑛⁄  with 𝑌𝑆𝑡  is the stress correction factor and 𝑆𝐹𝑚𝑖𝑛  is the 

minimum safety factor. 

Since such factors as 𝐾𝐴, 𝐾𝜈, 𝐾𝐹𝛽 and 𝐾𝐹𝛼 are not detailed in VDI 2736-2, ISO 6336-3 

[22], ISO 6336-1 [23] and [24] are utilized to analyse the final influencing factors. 

Specifically, the formula and rules mentioned are as follows: 

• 𝐾𝐴  is the application factor. According to [19] 𝐾𝐴  = 1…1.25, in this study, we 

assume the dynamic effect of the electric motor drive is uniform, so 𝐾𝐴 = 1.  

• 𝐾𝜈 is the internal dynamics factor, which is defined as the ratio of the total mesh 

torque at operating speed to the mesh torque with a perfect gear. This means that the 

error of the mesh torque was zero when compared to the quasi-static torque. In this 

case, it is assumed the error was zero, so 𝐾𝜈 = 1 [23]. 

• 𝐾𝐹𝛽 is related to the effect of the load distribution over the face width on the stress 

at the tooth-root. This factor can be selected from [24].  

• 𝐾𝐹𝛼  is the traverse load factor for the tooth-root stress regarding the effect of 

nonuniform distribution of the transverse load, according to [24]:  

𝐾𝐹𝛼 =
4+[0.88−3.2∙(

1

𝑧1
+

1

𝑧2
)]∙(𝑛𝑐𝑥−5)

4∙[1.88−3.2∙(
1

𝑧1
+

1

𝑧2
)]

  (4) 

where 𝑛𝑐𝑥 is the international tolerance (IT) grades according to ISO 286-1 [25]. 

In this study, the plastic gears were made by injection molding, and are similar, so  𝑛𝑐𝑥= 

7 and 𝑧1 = 𝑧2 . Besides, these coefficients 𝑌𝐹𝑎 , 𝑌𝑆𝑎  and 𝑌𝜀  also use documents [22–24] to 

analyze in detail the final influencing factor: 

𝑌𝐹𝑎 =
6

ℎ𝐹𝑒
𝑚𝑛

∙𝑐𝑜𝑠𝑎𝐹𝑒𝑛

(
𝑆𝐹𝑛
𝑚𝑛

)
2

∙𝑐𝑜𝑠𝑎𝑛

∙ 𝑓𝑒  (5) 

where ℎ𝐹𝑒 is the bending moment arm for tooth-root stress, in this study, is considered the 

largest value, so ℎ𝐹𝑒= ℎ = 2.25𝑚 [24]; 𝑆𝐹𝑛 is the tooth-root chord, in document [22] and 𝑆𝐹𝑛 

can be calculated similarly to the tooth-root base width in [26] because of the spur gear; 𝑓𝑒 is 

the factors influencing the load distribution between teeth in the mesh, αFen is the load 

direction angle [22]. 
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𝑌𝑆𝑎 = (1.2 + 0.13
𝑆𝐹𝑛

ℎ𝐹𝑒
) ∙ (

𝑆𝐹𝑛

2𝜌
)

1

1.21+
2.3

𝑆𝐹𝑛
ℎ𝐹𝑒   (6) 

where 𝜌 is the tooth-root radius. 

𝑌𝜀 = 0.25 + 0.75/𝜀𝑎  (7) 

where 𝜀𝑎 is the radial contact ratio and 𝜀1, 𝜀2 are the partial radial contact ratio of two gears.  

Because the two gears are similar [19]: 

𝜀𝑎 = 𝜀1 + 𝜀2 = 2𝜀  

 

𝜀𝑎 =
𝑧

𝜋
∙ (√(

𝑚 ∙ 𝑧 + 2ℎ𝑎𝑃0

𝑚 ∙ 𝑧 ∙ 𝑐𝑜𝑠𝑎

)
2

− 1 − 𝑡𝑎𝑛𝑎) 

 

where ℎ𝑎𝑃0 is the addendum of the tool standard basic rack tooth profile [26]. In this study, it 

is considered as ℎ𝑎𝑃0 = ℎ𝑎𝑃. 

2.2 FACTORS RELATED TO TOOTH-ROOT TEMPERATURE 

In VDI 2736-2, equation (1) shows that µ, 𝜈𝑡, and 𝐻𝑉 are directly linked to the design 

variables set of the gear, including [19]: 

𝐻𝑉 =  
𝜋(𝑢+1)

𝑧
∙ (1 − 2𝜀 + 2𝜀2) 

The remaining factors generally do not influence the gear design parameters, but are 

simply coefficients affected by the transmission. From the analysis in formulas (1) and (3), 

some final influencing factors can be drawn as displayed in Table 1. 

Table 1. Table of factors  

Properties 
Factors Tooth-root 

temperature 
Quantity 

𝐾𝐹𝛽 𝑌𝐹  𝑌𝑆 𝑌𝜀 

Face width, b x x   x 3 

Modulus, m  x  x x 3 

Pressure angle, αn  x  x x 3 

Root fillet radius, ρ   x x  2 

Number of teeth, z    x x 2 

Rotational speed, n     x 1 

Friction coefficient, μ     x 1 

2.3 OVERALL TAGUCHI–GREY RELATIONAL ANALYSIS (GRA) METHOD 

The Taguchi–GRA method is widely recognized as an effective approach for solving 

multi-objective optimization problems. When combined with the Taguchi experimental 
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design matrix, it becomes a powerful tool to address multi-objective optimization in 

experimental planning. An overview of the Taguchi–GRA method can be summarized in the 

following steps: 

1. Design of experiments: Plan and run trials using a Taguchi orthogonal array. 

2. Normalization: Normalize each response according to its quality characteristic 

(larger-the-better, smaller-the-better, or nominal-the-best). 

3. Computation: Compute the grey relational coefficients (GRC, 𝜉) for all responses 

and their aggregated grey relational grade (GRG). 

4. Selection: Identify the factor levels corresponding to the highest GR value. 

5. Validation: Re-evaluate the optimization set beyond the Taguchi matrix. If the 

outcomes are consistent, accept the parameter set as optimal. 

3. RESEARCH RESULTS 

3.1 GREY-TAGUCHI EXPERIMENTAL MATRIX 

In this paper, the research is for gears with power P = 1 kW, material PA66 in a non-

lubricated condition; besides the pitch diameter, the rotational speed will be constant to be 

able to evaluate under the same condition. Because of the spur gear, so the nominal module 

is replaced by module (𝑚). The factors are selected as follows:  

- According to [19], the value of root fillet radius 𝜌 = 0.25𝑚. However, this value is 

obtained according to the reference profile from DIN 867. In addition, when considering the 

maximum and minimum values that the root fillet radius attains in [27], then 𝜌𝑚𝑎𝑥 = 0.5𝑚 

and 𝜌𝑚𝑖𝑛 = 0.2𝑚 so in this paper, the range for 𝜌 = [0.2; 0.5]𝑚.  

- The value for normal pressure angle α = 14.5°, 20°, 25°, 30° in [24]. The normal 

pressure angle will affect the tooth-root section. If the normal pressure angle is too small, the 

tooth-root section will be small as well. This reduces the bending strength, so α = 20°,  

25°, 30°. 

- According to VDI 2736-2 [19], it is applied to gears with a module greater than 1mm. 

In addition, in this paper, the gear object is aimed at gears used in power transmission with 𝑚 

≥ 2mm, but the module value should not be too large. In this paper, the maximum module 

limit is 𝑚 = 4 mm, so 𝑚 = 2, 3, 4 mm. 

- For the width ratio value 𝑏/𝑚 , according to VDI 2736-2 [19], in formula (2), to 

calculate the initial normal module value, it is necessary to select the ratio coefficient 𝑏/𝑚, 

so in fact, the value of 𝑏 will be identified through selecting the initial ratio coefficient. In 

[19], the ratio 𝑏/𝑚 = 5÷20; in this paper the value will be 𝑏/𝑚 = 8, 12, 16. 

- Friction coefficient µ, is in document [19]. Although the material chosen is PA66 for 

the driving wheel, there are still two cases for transmission designing: PA/PA and PA/steel, 

at 0.2 and 0.4, respectively. Using a transmission with 2 different components will 

significantly influence the operating temperature. Therefore, in this paper, both possible 

design cases are selected. The details are presented in Table 2. 
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Table 2. Table of factors and levels 

N Factors 
Type Level 

Range 
Natural Code 1 2 3 

1 Ratio of root fillet radius to normal module 𝜌/𝑚 x1 0.2 0.35 0.5 0.15 

2 Normal pressure angle, degree α x2 20 25 30 5 

3 Module, mm 𝑚 x3 2 3 4 1 

4 Profile shift 𝑥 x4 0 0.2 0.4 0.2 

5 Face width ratio 𝑏/𝑚 x5 8 12 16 4 

6 Coefficient of friction µ x7 0.2 0.4 N/A 0.2 

 

Select constant values: According to VDI 2736-2 [19], the pitch-line (tangential) 

velocity value provided for PA material is 5 m/s for grease lubrication or dry running cases. 

Therefore, it is possible to choose the following preliminary values: the tangential velocity is 

lower than 5 m/s, the rotational speed is 1000 rpm, hence the diameter 𝑑 ≤ 95.5 mm, so the 

diameter 𝑑 = 84 mm and 𝜈𝑡 = 4.7 m/s and torque 𝑇 = 9.55 Nm are selected. 

With 5 factors at 3 value levels, and 1 factor at 2 value levels, the Taguchi L18 mixed 

experimental design should be used; the details are presented in Table 3. 

Table 3. Table of Taguchi L18 and result of experiments  

N 

Factors 
Stress 

(MPa) 

Tooth-root 

temperature 

(̊C) 

Code Natural 

x1 x2 x3 x4 x5 x6 µ 𝜌/𝑚 α 𝑚 𝑥 𝑏/𝑚 

1 1 1 1 1 1 1 0.2 0.2 20 2 0 8 27.01 43.94 

2 1 1 2 2 2 2 0.2 0.2 25 3 0.2 12 13.77 38.20 

3 1 1 3 3 3 3 0.2 0.2 30 4 0.4 16 9.80 35.98 

4 1 2 1 1 2 2 0.2 0.35 20 2 0.2 12 21.05 39.29 

5 1 2 2 2 3 3 0.2 0.35 25 3 0.4 16 11.73 36.15 

6 1 2 3 3 1 1 0.2 0.35 30 4 0 8 7.55 41.97 

7 1 3 1 2 1 3 0.2 0.5 20 3 0 16 6.69 37.13 

8 1 3 2 3 2 1 0.2 0.5 25 4 0.2 8 8.40 42.79 

9 1 3 3 1 3 2 0.2 0.5 30 2 0.4 12 32.66 36.99 

10 2 1 1 3 3 2 0.4 0.2 20 4 0.4 12 8.63 49.21 

11 2 1 2 1 1 3 0.4 0.2 25 2 0 16 16.01 41.60 

12 2 1 3 2 2 1 0.4 0.2 30 3 0.2 8 19.10 52.69 

13 2 2 1 2 3 1 0.4 0.35 20 3 0.4 8 17.24 58.50 

14 2 2 2 3 1 2 0.4 0.35 25 4 0 12 5.76 47.05 

15 2 2 3 1 2 3 0.4 0.35 30 2 0.2 16 18.93 40.48 

16 2 3 1 3 2 3 0.4 0.5 20 4 0.2 16 5.13 44.41 

17 2 3 2 1 3 1 0.4 0.5 25 2 0.4 8 36.47 53.20 

18 2 3 3 2 1 2 0.4 0.5 30 3 0 12 9.55 45.13 

3.2. TAGUCHI S/N AND ANOVA ANALYSIS FOR GEAR DESIGN PARAMETERS 

Each objective was analyzed independently to quantify the influence of the design 

parameters. Following the Taguchi methodology, the “smaller‑the‑better” quality 

characteristic was applied to both tooth‑root stress and temperature. The parameters 𝜌/𝑚, α, 

𝑚, and 𝑥 define the gear geometry and thus are central to the analysis. In contrast, the friction 

coefficient (µ) exhibits negligible effect on tooth‑root stress but is a key determinant of the 
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temperature response, as referenced by Fig. 2 and 3. Although µ is not governed by geometry, 

it can still determine design suitability when temperature is the priority criterion (see Fig. 1). 

In Table 4, For stress, factor x4 shows the largest contribution (47.1%), followed by x6 

(18.7%) and x5 (18.6%). The influence ranking is x4 > x6 > x5 > x2 > x3 > x1, consistent with 

the Rank row. 

 

Fig. 2. S/N ratio for stress 

Table 4. Response Table for Signal to Noise Ratios of Stress (Smaller is better) 

Level x1 x2 x3 x4 x5 x6 

1 -22.44 -23.28 -21.54 -27.71 -20.27 -24.38 

2 -22.11 -21.82 -22.20 -21.77 -22.18 -22.18 

3 N/A -21.72 -23.07 -17.33 -24.36 -20.26 

Delta 0.33 1.56 1.53 10.37 4.10 4.12 

% 1.50 7.09 6.95 47.11 18.62 18.73 

Rank 6 4 5 1 3 2 

 

Fig. 3. S/N ratio for temperature 
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Follow Table 5, the magnitude of influence based on Δ (% contribution): x6 ≈ 37.8% > 

x1 ≈ 35.6% > x3 ≈ 12.5% > x4 ≈ 6.5% > x5 ≈ 5.9% > x2 ≈ 1.6%. The dominant factors are x6 

and x1 (≈73% combined), while x2 is negligible. Recommended S/N levels: x1–L1, x2–L3, x3–

L3, x4–L1, x5–L1/2, x6–L3. 

Table 5. Response Table for Signal to Noise Ratios of Temperature (Smaller is better) 

Level x1 x2 x3 x4 x5 x6 

1 -31.83 -32.71 -33.05 -32.52 -32.61 -33.71 

2 -33.57 -32.74 -32.63 -32.84 -32.61 -32.55 

3  N/A -32.66 -32.44 -32.74 -32.89 -31.86 

Delta 1.74 0.08 0.61 0.32 0.29 1.85 

% 35.58 1.64 12.47 6.54 5.93 37.83 

Rank 2 6 3 4 5 1 

ANOVA and statistical interpretation: An L18 orthogonal array was employed to assess 

six parameters (𝜌/𝑚, α, 𝑚, 𝑥, 𝑏/𝑚, µ) for two responses. For stress, 𝑚 showed the largest 

S/N range and was significant in ANOVA (α = 0.05), together with 𝑏/𝑚  and 𝑥 . For 

temperature, the 2‑level factor μ in a mixed‑level array causes overlap, inflating SS and 

making ANOVA percentages unreliable. A better approach is S/N‑based optimization within 

each µ level. 

3.3. TAGUCHI-GRA METHOD 

Using the Taguchi–GRA method to find the optimal parameter set with the goal of the 

stress value being as small as possible: 

• Normalize the coefficients with the goal of making them as small as possible: 

𝑥𝑖 =
max(𝑦) − 𝑦𝑖

max(𝑦) − min (𝑦)
 

• Grey relational grade (GRD) and  Grey relational coefficient (𝜉): 

𝜉𝑖 =
𝛥𝑚𝑖𝑛 + 𝜁𝛥𝑚𝑎𝑥

𝛥𝑖 + 𝜁𝛥𝑚𝑎𝑥

 

 

where 𝛥𝑖  is the range of differences with 𝛥𝑖 = |𝑥0 − 𝑥1| ; because normalization 

 𝑥1 = [0; 1],     𝑥0 = 0, and the smaller-is-better principle, 𝛥𝑚𝑖𝑛 = 0; 𝜁𝛥𝑚𝑎𝑥 is the distinguishing 

coefficient in the document [28], the authors recommend choosing 𝜁𝛥𝑚𝑎𝑥 = [0; 1], and  with 

a balanced distinction and stability of the results, 𝜁𝛥𝑚𝑎𝑥 = 0.5.  

For the distinguishing coefficient 𝜁𝛥𝑚𝑎𝑥, this coefficient has a great influence on the 

Grey relational coefficient 𝜉, which will directly lead to the decision to choose the optimal 

parameter. If 𝜁𝛥𝑚𝑎𝑥 is closer to 0, then 𝜉 will have a clear difference when the data changes 

even very slightly. Consequently, even minor disturbances affect the results. In contrast, if 

𝜁𝛥𝑚𝑎𝑥 is closer to 1, 𝜉 will reduce the change when there is a disturbance, which will also lose 

the inherent distinction for the data. 
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In the theory of Grey [28], the authors also recommend 𝜁𝛥𝑚𝑎𝑥  = 0.5. This value is 

considered the default value [29], at which time the distinction will also be balanced at a 

moderate level, so as not to be too sensitive to small disturbances and not too blurred by small 

changes. However, according to research [30], it may not be limited to a specific value, but 

can be in a range. Also, according to [30], the change in the range of 0.3 to 0.7, the value of 

𝜉 approximately remains unchanged. Therefore, in this study, 𝜉 = 0.5 is considered the initial 

default coefficient for convenience in calculation and selection. 

• Since the problem has two output objectives,  𝐺𝑅𝑖𝑗 =
𝜉𝑆𝑖+𝜉𝑇𝑖

2
 

where 𝜉𝑆𝑖  is the Grey relational coefficient of stress; 𝜉𝑇𝑖  the Grey relational coefficient of 

temperature. 

Table 6. Table of normalization, (𝜉 ), and 𝐺𝑅̅̅ ̅̅  

N S 𝑥𝑆𝑖 T 𝑥𝑇𝑖 𝛥𝑆𝑖 𝛥𝑇𝑖 𝜉𝑆𝑖  𝜉𝑇𝑖 𝐺𝑅̅̅ ̅̅  

1 27.01 0.30 43.94 0.65 0.7 0.35 0.42 0.59 0.50 

2 13.77 0.72 38.20 0.90 0.06 0.10 0.64 0.84 0.74 

3 9.80 0.85 35.98 1.00 0.00 0.00 0.77 1.00 0.89 

4 21.05 0.49 39.29 0.85 0.20 0.15 0.50 0.77 0.63 

5 11.73 0.79 36.15 0.99 0.03 0.01 0.70 0.99 0.84 

6 7.55 0.92 41.97 0.73 0.05 0.27 0.87 0.65 0.76 

7 6.69 0.95 37.13 0.95 0.05 0.05 0.91 0.91 0.91 

8 8.40 0.90 42.79 0.70 0.00 0.30 0.83 0.62 0.73 

9 32.66 0.12 36.99 0.96 0.26 0.04 0.36 0.92 0.64 

10 8.63 0.89 49.21 0.41 0.01 0.59 0.82 0.46 0.64 

11 16.01 0.65 41.60 0.75 0.40 0.25 0.59 0.67 0.63 

12 19.10 0.55 52.69 0.26 0.17 0.74 0.53 0.40 0.47 

13 17.24 0.61 58.50 0.00 0.06 1.00 0.56 0.33 0.45 

14 5.76 0.98 47.05 0.51 0.03 0.49 0.96 0.50 0.73 

15 18.93 0.56 40.48 0.80 0.38 0.20 0.53 0.71 0.62 

16 5.13 1.00 44.41 0.63 0.01 0.37 1.00 0.57 0.79 

17 36.47 0.00 53.20 0.24 0.39 0.76 0.33 0.40 0.36 

18 9.55 0.86 45.13 0.59 0.07 0.41 0.78 0.55 0.67 

Table 7. GR coefficient by factors 

Factors Level GR coefficient 

µ 
0.2 0.74 

0.4 0.59 

𝜌/𝑚 

0.2 0.64 

0.35 0.67 

0.5 0.68 

α 

20 0.65 

25 0.6726 

30 0.6723 

𝑚 

2 0.56 

3 0.68 

4 0.75 

𝑥 

0 0.70 

0.2 0.66 

0.4 0.64 

𝑏/𝑚 

8 0.54 

12 0.67 

16 0.78 
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According to Grey’s principle, the result of the calculation is displayed in Table 6, and 

the factors with the highest Grey coefficient value are selected from Table 7: µ = 0.2; 𝜌 = 

0.5𝑚; α = 25; 𝑚 = 4 mm; 𝑥 = 0; 𝑏/𝑚 = 16. 

 

 

Fig. 4. 3D model of the optimized gear design (optimal parameter set): module m = 4 mm, face width b = 64 mm  

(b/m = 16), normal pressure angle α = 25°, root fillet radius ρ = 2 mm, pitch diameter d = 84 mm,  

tip diameter = 92 mm, root diameter = 74 mm, profile shift coefficient 𝑥 = 0, and coefficient of friction μ = 0.2 

If the recently identified parameter set is optimal, then re-evaluating the matrix 

containing this set should yield the same parameter values. Since the calculation procedure 

is identical, the results are approximately consistent with those in Table 6, except for the 

value of N19: 

S = 4.52; 𝑥𝑆𝑖 = 1; T = 36.39; 𝑥𝑇𝑖 = 0.98; 𝛥𝑆𝑖  = 0; 𝛥𝑇𝑖= 0.02; 𝜉𝑆𝑖  = 1; 𝜉𝑇𝑖 = 0.96; 𝐺𝑅̅̅ ̅̅  = 0.98 

Table 8. GR coefficient by factors N19 

Factors Level GR coefficient 

µ 
0.2 0.76 

0.4 0.59 

𝜌/𝑚 

0.2 0.64 

0.35 0.67 

0.5 0.72 

α 

20 0.64 

25 0.71 

30 0.67 

𝑚 

2 0.56 

3 0.67 

4 0.78 

𝑥 

0 0.73 

0.2 0.65 

0.4 0.63 

𝑏/𝑚 

8 0.54 

12 0.67 

16 0.80 
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From Table 8, the values are those of the N19 parameter set, which still returns the 

optimal parameter set, meaning the obtained parameter set is suitable. 3D Modeling this 

parameter set, as displayed in Fig. 4. 

Finite element simulations were conducted primarily to verify the stress results obtained 

from VDI-based calculations rather than to perform a fully coupled thermo-mechanical 

analysis. The optimized parameter set was evaluated using a single-tooth sector finite element 

model to reduce computational effort. The predicted tooth-root stress showed good agreement 

with the analytical calculation according to VDI 2736-2, with a deviation of approximately 

0.1%. This agreement supports the analytical–numerical consistency of the optimized design, 

while experimental validation remains an important subject for future work. The 

corresponding simulation results are presented in Fig. 5. 

In this study, the FEA modeling has been set up in detail: 

• Boundary condition: Considering the case of maximum stress, the force should be 

placed at the tooth edge position, and the constraint is fixed at the hole shaft.  

• Element type and mesh size: The major concern in this study was located at the root 

fillet, and to achieve smoothness and higher accuracy, the element type is quadratic. 

Based on the mesh convergence study, a locally refined mesh size of 0.02 mm was 

adopted at the tooth-root fillet. This value falls within the converged range and 

provides a suitable balance between numerical accuracy and computational cost. 

• Material: In this study, we use PA66 with material properties based on [27]. A linear 

elastic model has been used in this simulation because we are only interested in the 

maximum stress at the root fillet. 

• Convergence: The material behavior is assumed to be linear elastic, resulting in a 

constant stiffness matrix during the solution process. In addition, the present model 

does not involve contact interactions or geometric nonlinearity (large deformation). 

Under these conditions, the numerical solution exhibited stable convergence using 

the default solver tolerances, and no additional convergence adjustments were 

required. In addition, a mesh convergence study was performed for the tooth-root 

region using multiple refinement levels. Local mesh sizes ranging from 0.05 mm to 

0.02 mm were considered as fine meshes, while sizes from 1.0 mm to 0.10 mm 

represented coarser meshes. Based on the convergence assessment, a local mesh 

size of 0.02 mm was selected as it provides a suitable balance between numerical 

accuracy and computational cost. 

Table 9. Result of simulation convergence data at the tooth-root fillet  

Number of elements Meshing size at tooth-root fillet (mm) Maximum stress at tooth-root fillet (MPa) 

123305 

Coarse mesh size 

1 4.614 

142425 0.5 4.5359 

174966 0.3 4.5616 

369210 0.1 4.5263 

606497 

Fine mesh size 

0.05 4.5171 

903846 0.04 4.517 

1392301 0.03 4.5158 

3126078 0.02 4.5166 
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The data in Table 9, Fig. 5b and Fig. 5c indicate that the maximum stress value tended 

to converge towards a position with a value of approximately 4.52 MPa, so the mesh 

refinement range from 0.05 mm to 0.02 mm is convergent.  
 

    
a)   b) 

 
c) 

Fig. 5. Finite element simulation results and mesh convergence analysis for the optimized parameter set: (a) maximum 

bending stress of 4.5166 MPa at the tooth-root fillet; (b,c) mesh refinement and element statistics used for the 

convergence assessment, showing that the maximum stress stabilizes at approximately 4.52 MPa. 

3.4 THE S-N BENDING FATIGUE CURVE 

The fatigue curve equation has the form: 

𝜎𝑘
𝑚𝑁𝑘 = 𝜎0

𝑛𝑁0 = 𝑐𝑜𝑛𝑠𝑡 

From the perspective of accelerated fatigue testing, determining the fatigue life of gears 

at low stress levels is often time-consuming due to the large number of failure cycles. In order 

to shorten the testing time, testing at higher stress levels is applied, thereby quickly 
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determining the corresponding number of failure cycles. Specifically, by increasing the load 

up to the maximum level, the gear will quickly reach the failure state in fewer cycles, helping 

to determine the fatigue limit effectively instead of prolonged testing at low or very small 

loads. 

In addition, in practice, it is not necessary to determine exactly the maximum number of 

failure cycles corresponding to the lowest stress level. Instead, it is sufficient to determine the 

lower limit of the load to construct the upper and lower limits of the fatigue curve (S–N curve). 

According to the study of document [31], the fatigue curve is established by determining the 

limit regions, including: a high load region corresponding to the lowest number of cycles, a 

low load region corresponding to the highest number of cycles, and the intermediate region 

between these two limits, which is the experimental construction region of the fatigue curve. 

This paper limits the working range of plastic gears to 105 to 108 cycles; this choice is 

based on some existing standards such as VDI-2736, JIS B-1759, and BS-6168. To facilitate 

the experimental evaluation of fatigue, it is necessary to first conduct simulations on the gears 

with the optimal parameter set to determine the torque values corresponding to the lowest 

(105) and highest (108) number of fatigue cycles. The fatigue curve (S–N curve) used in this 

study is referenced from the VDI 2736 standard, with PA66 material at 22°C. Due to the 

limitation from the standard fatigue data, at the highest and lowest cycle numbers, the study 

only uses one adjacent simulation value; any points outside this range are not considered. 

The proposed bending S–N curve in this study is standard/simulation-based, constructed 

using the VDI 2736-2 fatigue reference, while finite element analysis (FEA) is used only to 

verify the corresponding stress level for the considered geometry. The curve is therefore 

intended as a design-point curve for the optimized gear geometry under the assumed operating 

conditions, and no experimental fatigue validation. 

Figure 6 illustrates the data from the simulation in Table 10. Besides, based on VDI 

2736-2, when the temperature is constant, the bending fatigue curve for PA66 has the type:  

𝑆 = 𝐴 + 𝐵𝑁
1

𝑛   (8)  

Equation (8) can be interpreted using Paris’s law in [32] and the fatigue crack of PA6 in 

[33]: 

 𝑙𝑔(𝑆 − 𝐴) = 𝑙𝑔𝐵 +
1

𝑛
𝑙𝑔𝑁 

Let                         𝑦 = 𝑙𝑔 (𝑆 − 𝐴),   𝑏0 = 𝑙𝑔𝐵, 𝑏1 =
1

𝑛
  and 𝑥 = 𝑙𝑔𝑁 

Then:                                           𝑦 = 𝑏0 + 𝑏1𝑥   (9) 

For the coefficients 𝐴, in this study is selected 𝐴 =28 for data of simulation in Table 10. 

Besides, comparing with S-N curve in VDI [19] with the temperature 22⁰C as follows: 

𝜎𝐹𝑙𝑖𝑚𝑁 = 30 − 0.22 ∙ 22 + (4600 − 900 ∙ 220.3) ∙ 𝑁𝐿

−1

3  = 25.16 + 2325.06∙ 𝑁𝐿

−1

3  

Therefore, the asymptotic line according to VDI is 𝐴 = 25.16. 

Using the least-squares method in Minitab, we obtain the coefficients of Equation (9) 

and S-N curve as Table 11. Details of the S-N curve for the two cases are depicted in Figures 

7 and 8. 
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Fig. 6. Chart of simulation data  

Table 10. Simulation results for the S–N curve 

N 
Strength, 

S, MPa 

Number of 

cycles N 
𝑥 = 𝑙𝑔𝑁 

𝑦 = lg (𝑆 − 𝐴) 

𝐴 = 28 

𝑦 = lg (𝑆 − 𝐴) 

𝐴 = 25.16 
Fits Residuals 

1 32.51 100000000 8 1.40 0.87 1.7 -0.19 

2 37.15 31999000 7.50 1.44 1.08 2.09 0.12 

3 41.80 8520000 6.93 1.48 1.22 2.55 0.07 

4 46.44 3412200 6.53 1.51 1.33 2.87 0.04 

5 48.76 2355800 6.37 1.54 1.37 2.99 0.03 

6 51.09 1694000 6.23 1.57 1.41 3.11 0.03 

7 53.41 1258800 6.10 1.59 1.45 3.21 0.02 

8 55.73 960760 5.98 1.62 1.48 3.31 0.01 

9 58.05 749900 5.87 1.64 1.52 3.39 0.01 

10 60.38 596250 5.77 1.67 1.55 3.47 0.01 

11 62.70 482190 5.68 1.69 1.57 3.54 0.00 

12 65.02 395210 5.60 1.71 1.60 3.61 -0.00 

13 67.34 328370 5.52 1.73 1.62 3.68 -0.01 

14 69.66 275700 5.44 1.40 1.65 3.74 -0.01 

15 71.99 233770 5.31 1.44 1.67 3.80 -0.02 

16 74.31 199300 5.30 1.48 1.69 3.85 -0.02 

17 76.63 172510 5.24 1.51 1.71 3.91 -0.03 

18 78.95 149960 5.18 1.54 1.73 3.95 -0.02 

19 81.27 130890 5.12 1.57 1.75 4.00 -0.03 
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Table 11. Results of the S–N equations 

 

The small standard error of regression S (S = 0.0266) and the high coefficient of 

determination R-sq (R-sq = 99.13%) indicate that the S–N relationship provides an excellent 

fit to the experimental data, with no evidence of lack of fit. 

 

Fig. 7. Bending S–N chart for case A = 28, showing: (a) the VDI 2736-2 reference curve, (b) the regression S–N curve 

fitted to the simulation data for case A = 28, and (c) the original simulation data points 

 

 

Fig. 8. Bending S–N chart for case A = 25.16, showing: (a) the VDI 2736-2 reference curve, (b) the regression S–N 

curve fitted to the simulation data for case A = 25.16, and (c) the original simulation data points 
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4. ANALYSIS AND DISCUSSION 

The proposed optimization should be interpreted as a standards-based two-criterion 

assessment (tooth-root temperature and tooth-root bending stress) at the design-evaluation 

level. In this sequential workflow, temperature and bending stress are computed from the VDI 

2736-2 equations/tables and used as an optimization criterion. Therefore, thermo-mechanical 

feedback is not included, and the results are intended for consistent ranking of design 

candidates rather than fully coupled field prediction. This sequential strategy is selected 

because temperature is used here as a VDI design criterion, while a coupled thermo-

mechanical FE model would require reliable temperature-dependent material data and 

thermal boundary conditions and would substantially increase computational time for the 

multi-case Taguchi–GRA screening. A fully coupled thermo-mechanical simulation is 

reserved for future work.  

This study addresses the joint reduction of tooth-root bending stress and tooth-root 

temperature for a polymer gear pair within the VDI 2736–2 framework (with supporting 

factors from ISO 6336). A Taguchi L18 mixed array was coupled with grey relational analysis 

to identify robust design settings that do not trade thermal safety for mechanical strength (or 

vice versa). The screening shows that geometry-driven factors dominate the bending 

response, whereas the friction coefficient chiefly governs the thermal field at the root. 

Factor effects and physical mechanisms: Grey relational grades consistently identify the 

face-width ratio (𝑏/𝑚) and module (𝑚) as the strongest levers for reducing bending stress. 

Increasing either of them enlarges the tooth section modulus and thereby lowers nominal root 

stress. A larger root fillet radius (𝜌/𝑚) further diminishes stress by reducing notch severity 

at the fillet. A zero profile shift (𝑥 = 0) avoids thinning at the root. Regarding the normal 

pressure angle (α), a moderate value (≈ 25°) provides a balanced compromise between tooth 

thickness and contact ratio (ε). As expected, the friction coefficient (μ) is the primary driver 

of temperature: lower μ reduces frictional heat input and thus the tooth-root temperature, with 

negligible direct influence on bending stress. These trends are consistent with classical gear-

mechanics arguments and the correction factors embedded in VDI/ISO calculation sequences. 

Optimal setting and confirmation test: The Grey-optimal setting is: µ = 0.2, 𝜌/𝑚 = 0.5, 

α = 25°, 𝑚 = 4 mm, 𝑥 = 0, and 𝑏/𝑚 = 16 (denoted N19). A confirmation run at N19 achieved 

the highest Grey grade in the augmented matrix and improved both responses simultaneously: 

tooth-root bending stress = 4.52 MPa and tooth-root temperature = 36.39°C. Compared with 

the best stress case within the original L18 design (Run 16: 5.13 MPa and 44.41°C), the 

optimal setting lowers bending stress by approximately 17% and reduces temperature by 

about 8 °C. The VDI-based calculation and FE simulation agreed within approximately 0.1%, 

supporting the internal consistency of the analysis pipeline. 

Fatigue (S–N) characterization at the optimum: Using the N19 geometry, a bending S–

N relation was obtained over N = 105 – 108 cycles. Guided by the constant-temperature 

assumptions in VDI 2736 and a Paris-law-motivated slope, the regression yields the compact 

expression: 

𝑆 = 28 + 3250.12 ∙ 𝑁− 
1

2.8843 (𝑆 in MPa). 
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This model captures the monotonic increase of allowable stress with decreasing life in 

the tested range. When compared with the generic PA66 reference at 22°C, the optimized-

geometry curve lies predominantly above the reference band. Thus, for a given life, the 

optimized design sustains higher bending stress, indicating that universal catalog curves can 

be conservative for well-chosen geometries. 

Since the bending S–N curve is standard-/simulation-based, the resulting fatigue-life 

estimates should be interpreted as comparative design-point predictions rather than an 

experimentally established material curve for PA66 gears. Deviations may arise from factors 

not explicitly captured in the present framework, such as material scatter, 

manufacturing/processing history, and service environment (e.g., temperature and moisture). 

Experimental validation and calibration (e.g., pulsator or running gear tests) are planned as 

future work. 

Design implications: Geometry first, friction always: prefers larger 𝑚 , larger 𝑏/𝑚 , 

larger 𝜌/𝑚, and 𝑥 ≈ 0 to relieve root stress; then μ should be managed via material pairing or 

lubrication to control temperature. Moderate α (≈ 25°) provides a practical balance between 

root thickness and contact ratio; very small or very large angles can harm either strength or 

load sharing. Integrating temperature early in the sizing loop: co-optimizing thermal and 

mechanical metrics avoids late-stage iterations and reduces the risk of thermal overload in 

service. 

Limitations and future work: The present study focuses on PA66 at 22°C with discrete 

friction levels (μ = 0.2 and 0.4) and a fixed speed/power condition. While the Grey–Taguchi 

approach ranks factor importance and yields a robust setting, it does not replace a full variance 

decomposition under broad operating envelopes. Unmodeled influences include thermal–

mechanical coupling, manufacturing tolerances (e.g., fillet radius scatter, lead/crown errors), 

moisture and aging effects in polymers, and long-term softening. Future work should expand 

the environmental and speed/load ranges, include more μ levels and lubrication regimes, and 

validate the optimized S–N relation via dedicated bending-fatigue tests. Generalization of 

other polymers (e.g., POM, PBT) and mixed pairs (polymer/steel) is also recommended.  

To evaluate the performance of the optimized design in practice, the study proposes a 

baseline-versus-optimized validation roadmap under the same operating conditions (load, 

speed, and environment). Representative experimental setups include a bending pulsator (to 

obtain cycles-to-failure under controlled tooth-root bending) and/or gear test running (to 

capture service-relevant failure modes). Tooth-root temperature can be monitored using an 

IR sensor/thermal camera or embedded thermocouples positioned near the tooth-root region, 

while fatigue performance can be validated through cycles to failure, crack initiation at the 

tooth-root fillet, and comparison against the VDI-based design criteria. This practical 

evaluation pathway is identified as future work to validate and calibrate the proposed design-

stage framework. 

5. CONCLUSIONS 

This study identified the optimal parameter set for simultaneously minimizing tooth-

root bending stress and temperature in a polymer gear pair, using a combined Taguchi L18 

design and grey relational analysis under VDI/ISO-based calculations and FE simulations. 
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The Grey-optimal setting (μ = 0.2, 𝜌/𝑚 = 0.5, α = 25°, 𝑚 = 4 mm, 𝑥 = 0, 𝑏/𝑚 = 16) reduces 

root stress by ≈ 17% and temperature by ≈ 8°C. VDI-based and FEA results agree within 

0.07%.  

Based on this setting, a bending fatigue curve was constructed for PA66 at 22°C:  

𝑆 = 28 + 3250.12 ∙ 𝑁− 
1

2.8843  (MPa). This optimized S–N curve lies above the generic 

reference in VDI 2736-2 across most of the practical life range, indicating that the standard 

curve may underestimate bending fatigue strength for specific gear geometries and operating 

conditions. 

From a design perspective, the results suggest prioritizing a larger module and face-

width ratio, a generous fillet radius, and zero profile shift; adopting a moderate normal 

pressure angle (α = 25°); and reducing friction through appropriate material selection or 

lubrication. 

Looking forward, extending and validating this methodology across different materials, 

speeds, loads, and lubrication conditions will help build design-point S–N libraries that 

complement–rather than replace–the generic curves provided in VDI 2736. 
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