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MULTI-OBJECTIVE OPTIMIZATION OF TWO-STAGE HELICAL GEARBOXES 

USING NON-DOMINATED SORTING GENERIC ALGORITHM II (NSGA-II): 

MINIMIZING MASS AND VOLUME WHILE MAXIMIZING EFFICIENCY 

This study presents an NSGA-II-based multi-objective optimization framework for two-stage helical gearboxes. 

The novelty of this work is the simultaneous optimization in case of three conflicting objectives: minimizing 

gearbox mass, minimizing gearbox volume, and maximizing transmission efficiency. The study does not merely 

optimize for a fixed set of values but examines the variation of the Pareto solution set across a very wide range of 

gear ratios, from 5 to 35 taking in a account the gearbox volume was calculated as 𝑉 = 𝐿 × 𝐻 × 𝐵1, and the total 

transmission ratio 𝑢ℎ  .The optimization was implemented in MATLAB, and Pareto fronts were generated for 

different transmission ratios. Hypervolume, spacing, spread, and the number of Pareto solutions were used to 

ensure robust algorithm convergence and solution diversity.  The results show unique mechanical trade-offs. While 

raising the total transmission ratio reduces overall gearbox bulk, it also increases necessary volume and decreases 

transmission efficiency. The suggested method efficiently discovers balanced Pareto-optimal solutions and 

provides a practical tool for designing compact and high-efficiency two-stage. 

1. INTRODUCTION 

Gear transmission systems are widely used in industrial machinery, automotive 

drivetrains, aerospace equipment, and energy systems because of their high efficiency and 

reliability [1, 2]. Among them, two-stage helical gearboxes are attractive due to their compact 

structure, smooth operation, and high load-carrying capacity. Modern gearbox design requires 

balancing multiple conflicting objectives, including mass reduction, compactness, and 

efficiency improvement [3, 4]. Traditional design methods are mainly based on deterministic 

calculations and single-objective optimization [1, 5], which are often inadequate for handling 

complex trade-offs. Consequently, multi-objective optimization techniques have gained 

increasing attention [6, 7]. Evolutionary algorithms, particularly NSGA-II proposed by Deb 
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et al. [8], are well suited for such problems because they can efficiently generate Pareto-

optimal solutions while maintaining diversity [8, 9]. NSGA-II has been successfully applied 

to gearbox optimization problems involving spur gears [10], planetary gear trains [11], wind 

turbine gearboxes [12], aeroengine gearboxes [13], and studies on efficiency, vibration, noise, 

and compactness improvement [14]. For two-stage helical gearboxes, Sanghvi et al. [15], Le 

and Vu [16], and Dinh et al. [17–20] employed NSGA-II and decision-making methods such 

as Technique for Order of Preference by Similarity to Ideal Solution (TOPSIS), Measurement 

Alternatives and Ranking according to Compromise Solution(MARCOS), and Multi-

Attributive Ideal-Real Comparative Analysis (MAIRCA). Other studies focused on reducing 

gearbox dimensions while improving efficiency [21–24]. Despite these advances, most 

existing studies considered only two objectives and focused mainly on gearbox dimensions. 

Simultaneous optimization of gearbox mass, volume, and efficiency using NSGA-II remains 

limited. Furthermore, the influence of the total transmission ratio on Pareto-optimal 

characteristics has not been comprehensively investigated. Therefore, this study proposes an 

NSGA-II-based multi-objective optimization framework for two-stage helical gearboxes 

considering three conflicting objectives: minimizing gearbox mass, minimizing gearbox 

volume, and maximizing transmission efficiency. The total transmission ratio is varied from 

5 to 35, while hypervolume, spacing, and spread metrics are employed to evaluate 

optimization performance. The results provide useful insights for the design of compact and 

high-efficiency gearbox systems. 

2. GEARBOX DESIGN FORMULATION 

2.1. GEARBOX MASS DETERMINATION 

The total mass of the two-stage helical gearbox is determined by:  

𝑚𝑔𝑏 = 𝑚𝑔ℎ + 𝑚𝑔 + 𝑚𝑠                                          (1) 

where 𝑚𝑔ℎ, 𝑚𝑔, and 𝑚𝑠 are the housing mass, gear mass, and shaft mass, respectively. 

The gearbox housing mass can be calculated by:  

𝑚𝑔ℎ = 𝜌𝑔ℎ ∙ 𝑉𝑔ℎ         (2) 

In which, 𝜌𝑔ℎ is the housing material density and 𝑉𝑔ℎ is the housing volume. All main 

dimensions can be refereed to Fig. 1. 

The housing volume consists of the side faces, end faces, and bottom faces: 

𝑉𝑔ℎ = 2 ∙ 𝑉𝑠𝑓 + 2 ∙ 𝑉𝑒𝑓 + 2 ∙ 𝑉𝑏𝑓              (3)  

where 𝑉𝑠𝑓  is the side-face volume, 𝑉𝑒𝑓  is the end-face volume, and 𝑉𝑏𝑓  is the base-face 

volumes, respectively. 
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Fig. 1. Scheme for calculation of gearbox mass 

The corresponding component volumes can be computed by:  

𝑉𝑠𝑓 = 𝐿 ∙ 𝐻 ∙ 𝛿                                                          (4)  

𝑉𝑒𝑓 = 𝐵 ∙ 𝐻 ∙ 𝛿                                                        (5) 
 

   𝑉𝑏𝑓
= 𝐵 ∙ 𝐿 ∙ 𝛿                                                        (6) 

where L, B, and H are the gearbox length, width, and height, respectively, and 𝛿  is the 

thickness of the housing wall.The gearbox dimensions are determined by [25]: 

𝐿 = 𝑑𝑤11 + 𝑑𝑤21/2 + 𝑑𝑤12/2 + 𝑑𝑤22 + 4 ∙ 𝛿                                  (7)  

𝐵 = 𝑏𝑤1 + 𝑏𝑤2 + 5 ∙ 𝛿                                           (8)  

𝐻 = 𝑚𝑎 𝑥(𝑑𝑤21, 𝑑𝑤22) + 8.5 ∙ 𝛿                             (9)  

In which, 𝑑𝑤11 and 𝑑𝑤21 are the pitch diameters of the first-stage pinion and gear the first 

stage, respectively, whereas 𝑑𝑤12 and 𝑑𝑤22 represent those of the second-stage gear pair. 

The pitch diameters can be found by:   

𝑑𝑤1𝑖 = 2 ∙ 𝑎𝑤𝑖/(𝑢𝑖 + 1)                (10)  

         𝑑𝑤2𝑖 = 2 ∙ 𝑎𝑤𝑖 ∙ 𝑢𝑖 ∙/(𝑢𝑖 + 1)                                (11)  

where 𝑎𝑤𝑖 is the center distance and 𝑢𝑖 is the gear ratio of stage 𝑖. 
The face widths of the two gear stages can be determined by: 

𝑏𝑤1 = 𝑋𝑏𝑎1 ∙ 𝑎𝑤1       (12)  

𝑏𝑤2 = 𝑋𝑏2𝑎𝑤2                                                                     (13) 

where 𝑋𝑏𝑎1 and 𝑋𝑏2 are the face-width coefficients. 
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The centre distances are determined based on the contact strength criterion according  

to [25] 

𝑎𝑤𝑖 = 𝑘𝑎 ∙ (𝑢𝑖 + 1) ∙ √𝑇1𝑖 ∙ 𝑘𝐻𝛽/([𝜎𝐻𝑖]2 ∙ 𝑢𝑖 ∙ 𝑋𝑏𝑎𝑖)
3

                   (14) 

where 𝑇1𝑖 is the pinion torque and [𝜎𝐻𝑖] is the allowable contact stress. 

The torques of the two stages can be computed by: 

 𝑇11 =
𝑇𝑟

𝑢𝑔𝑏∙𝜂ℎ𝑔
2 ∙𝜂𝑏𝑒

3                 (15)  

𝑇12 =
𝑇𝑟

𝑢2∙ηℎ𝑔∙𝜂𝑏𝑒
2                                                               (11) 

where 𝑇𝑟 denotes the output torque, 𝑢𝑔𝑏 denotes the total transmission ratio, and 𝜂ℎ𝑔 and 𝜂𝑏𝑒 

are the of the gear pair and bearing system, respectively. The total gear mass can be 

determined by: 

𝑚𝑔 = 𝑚𝑔1 + 𝑚𝑔2                                                    (17) 

The masses of the first- and second-stage gear sets are calculated in accordance  

with [25]: 

𝑚𝑔1 = 𝜌𝑔 ∙ (
𝜋∙𝑒1∙𝑑𝑤11

2 ∙𝑏𝑤1

4
+

𝜋∙𝑒2∙𝑑𝑤21
2 ∙𝑏𝑤1

4
)       (18) 

𝑚𝑔2 = 𝜌𝑔 ∙ (
𝜋∙𝑒1∙𝑑𝑤12

2 ∙𝑏𝑤2

4
+

𝜋∙𝑒2∙𝑑𝑤22
2 ∙𝑏𝑤2

4
)        (19) 

where 𝜌𝑔 = 7800 (𝑘𝑔/𝑚3), 𝑒1 = 1 and 𝑒2 = 0.6 [23]. 

The total shaft mass is given by: 

 𝑚𝑠 = ∑ 𝑚𝑠𝑗
3
𝑗=1                 (20)  

The mass of each shaft is calculated by: 

 𝑚𝑠𝑗 = 𝜌𝑠 ∙ 𝜋 ∙ 𝑑𝑠𝑗
2 ∙ 𝑙𝑠𝑗/4                     (21)  

where 𝜌𝑠 = 7800 (𝑘𝑔/𝑚3) , 𝑑𝑠𝑗  denotes the shaft diameter, and 𝑙𝑠𝑗  represents the shaft 

length.  

The shaft lengths can be found by [25]: 

  𝑙𝑠1 = 𝐵 + 1.2 ∙ 𝑑𝑠1           (22)  

𝑙𝑠2 = 𝐵                                                           (23)  

𝑙𝑠3 = 𝐵 + 1.2 ∙ 𝑑𝑠3                                              (24)  

The shaft diameters are determined based on the torsional strength criterion:  

𝑑𝑠𝑗 = [𝑇1𝑗/(0.2 ∙ [𝜏])]1/3                     (25) 

With [𝜏] = 17 MPa is the allowable shear stress [25]. 
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2.2. GEARBOX VOLUME DETERMINATION 

The housing volume of a two-stage helical gearbox is determined by (Fig. 1):  

 𝑉𝑔𝑏 = 𝐿 ∙ 𝐵 ∙ 𝐻                               (26) 

where L, B, and H are computed by (7, 8 and 9). 

2.3. GEARBOX EFFICIENCY DETERMINATION 

The total gearbox efficiency 𝜂𝑔𝑏 is expressed as: 

   𝜂𝑔𝑏 = 100 −
100∙𝑃𝑙

𝑃𝑖𝑛
           (27)  

Where 𝑃𝑖𝑛 denotes the input power and 𝑃𝑙 represents the total power loss of the gearbox. 

The total power loss is calculated as: 

 𝑃𝑙 = 𝑃𝑙𝑔 + 𝑃𝑙𝑏 + 𝑃𝑙𝑠 + 𝑃𝑍0         (28)  

where 𝑃𝑙𝑔  is the gear meshing loss, 𝑃𝑙𝑏  is the bearing friction loss, 𝑃𝑙𝑠  represents the seal 

resistance loss, and 𝑃𝑍0 denotes the oil churning loss. These elements can be determined as 

reported in [16]. 

2.4. OBJECTIVES FUNCTIONS AND DESIGN CONSTRAINTS 

The optimization of the two-stage helical gearbox is formulated as a multi-objective 

design problem in which three conflicting goals are considered simultaneously, including 

minimization of the gearbox mass 𝑚𝑔𝑏 , minimization of the gearbox volume 𝑉𝑔𝑏 , and 

maximization of the gearbox efficiency 𝜂𝑔𝑏 . For implementation in the optimization 

algorithm, the efficiency objective is transformed into a minimization form by considering its 

negative value. The objective vector is therefore defined as: 

 𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐹(𝑥) = [𝑚𝑔𝑏(𝑥), 𝑉𝑔𝑏(𝑥), −𝜂𝑔𝑏(𝑥) ]                            (29) 

Accordingly, the design problem becomes a simultaneous three-objective minimization 

problem. The optimization procedure considers three continuous decision variables, namely 

the transmission ratio of the first stage 𝑢1, the face-width coefficient of the first stage 𝑋𝑏𝑎1, 

and the face-width coefficient of the second stage 𝑋𝑏𝑎2. These design parameters directly 

affect the geometric dimensions, structural compactness, mass characteristics, and power 

transmission efficiency of the gearbox system. To guarantee feasible and manufacturable 

gearbox configurations, the following design constraints are imposed according to [25]: 
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1 ≤ 𝑢i ≤ 9                                                     (30)  

0.25 ≤ 𝑋b𝑎i ≤ 0.4                                               (31)  

3. METHODOLOGY 

The proposed optimization framework was implemented in MATLAB using the Non-

dominated Sorting Genetic Algorithm II (NSGA-II). As formulated in Section 2.4, the 

optimization problem simultaneously considers three objectives: minimizing gearbox mass, 

minimizing gearbox volume, and maximizing gearbox efficiency. For implementation in 

NSGA-II, the maximization of efficiency was transformed into a minimization objective by 

using its negative value, as defined in Eq. (29). The design vector consists of three continuous 

variables: 𝑢1 , 𝑋𝑏𝑎1 , and 𝑋𝑏𝑎2 . The lower and upper bounds of these variables follow the 

constraints given in Eqs. (30) and (31). In addition, the second-stage transmission ratio is 

calculated from the total transmission ratio as (𝑢2 = 𝑢h/𝑢1).The 𝑢h was varied from 5 to 35 

with an interval of 5. For each value of 𝑢h, an independent NSGA-II run was performed. The 

population size was set to 100 and the maximum number of generations was 300. The genetic 

operators included tournament selection, simulated binary crossover, and polynomial 

mutation. The crossover probability was 0.9, while the mutation probability was (1/3). The 

distribution indices for crossover and mutation were both set to 20.During each generation, 

candidate solutions were evaluated using the gearbox calculation model described in 

Section 2. The objective values include gearbox mass, gearbox volume, and gearbox 

efficiency. Infeasible solutions were penalized using infinite objective values. Additional 

technical limits were imposed on efficiency, gearbox mass, gearbox volume, gear tooth 

number, and positive geometric dimensions to ensure physically meaningful designs. The 

convergence and diversity of the Pareto fronts were evaluated using hypervolume, spacing, 

and spread metrics. For hypervolume calculation, fixed normalization was applied using 

predefined ideal and nadir points, and a Monte Carlo sampling approach with 50,000 sample 

points was used. The number of Pareto solutions was also recorded during the optimization 

process. After completing all NSGA-II runs, the final non-dominated solutions were collected 

to construct global Pareto maps. Representative solutions were then selected for each value 

of 𝑢h , including the maximum-efficiency solution, minimum-mass solution, minimum-

volume solution, and a compromise solution. The compromise solution was determined using 

a combined performance score defined as the ratio of efficiency to the product of gearbox 

mass and gearbox volume. 

4. RESULTS AND DISCUSSION 

The proposed NSGA-II framework was applied to optimize the gearbox under different 

𝑢h (from 5 to 35). Three conflicting objectives were simultaneously considered, including 

minimization of gearbox mass, minimization of gearbox volume, and maximization of 
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gearbox efficiency. The obtained Pareto-optimal solutions provide important insights into the 

influence of transmission ratio on gearbox compactness and transmission performance. 

Figure 2 illustrates the global Pareto distribution between gearbox mass and 

transmission efficiency. It can be observed that the transmission ratio has a strong influence 

on the Pareto front characteristics. Lower 𝑢h (5 to 10) tend to provide higher efficiencies, 

typically above 97%, but these solutions are associated with larger gearbox masses. In 

contrast, higher transmission ratios produce more compact gearbox structures with reduced 

mass, although the corresponding efficiency gradually decreases. This behaviour indicates a 

clear trade-off between lightweight design and transmission efficiency. 

 

Fig. 2. Global Pareto map showing the relationship between gearbox mass and gearbox efficiency for different total 

transmission ratios 

A similar tendency can be observed in Fig. 3, which presents the relationship between 

gearbox volume and efficiency. As the total transmission ratio increases, the gearbox volume 

generally increases while the efficiency decreases. The Pareto fronts become more dispersed 

for larger values of 𝑢h, indicating stronger conflicts among the three objectives. In particular, 

the lowest gearbox volumes are obtained for 𝑢h=5, whereas the largest volumes appear at 

𝑢h=35.The influence of the transmission ratio on the best objective values is summarized in 

Fig. 4. The maximum gearbox efficiency continuously decreases from approximately 97.5% 

at 𝑢h=5 to about 96.1% at 𝑢h=35. Meanwhile, the minimum gearbox mass rapidly decreases 

from approximately 271 kg to around 234 kg as 𝑢h increases from 5 to 25, after which the 

reduction becomes insignificant. On the other hand, the minimum gearbox volume increases 

almost monotonically with increasing transmission ratio. These results demonstrate that lower 

transmission ratios are favourable for high-efficiency operation, whereas moderate 

transmission ratios provide more compact gearbox designs. Figure 5 compares the 

efficiencies of several representative solutions, including the maximum-efficiency solution, 

minimum-mass solution, minimum-volume solution, and compromise solution. As expected, 

the maximum-efficiency solutions always exhibit the highest efficiencies over the entire 

transmission-ratio range. However, the compromise solutions provide more balanced 
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performance by simultaneously maintaining relatively low mass and moderate volume while 

preserving acceptable efficiency levels. The efficiency of the compromise solutions varies 

between approximately 94.6% and 97.0%. 

 

Fig. 3. Global Pareto map showing the relationship between gearbox volume and gearbox efficiency under different 

transmission ratios 

 

Fig. 4. Effect of the total transmission ratio on the maximum-efficiency solution, minimum-mass solution,  

and minimum-volume solution 
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Fig. 5. Efficiency comparison among representative Pareto-optimal solutions 

The corresponding transmission-ratio distributions of the selected compromise solutions 

are shown in Fig. 6. The 𝑢1 generally increases with increasing of 𝑢h, while 𝑢2 also increases 

but at a lower rate. This indicates that the optimization algorithm tends to allocate a larger 

portion of the transmission ratio to the first stage when the total transmission ratio becomes 

large. Such a distribution helps improve geometric compactness and maintain stable 

efficiency characteristics. 

 

Fig. 6. Distribution of first-stage and second-stage transmission ratios for the selected compromise solutions 

Figure 7 presents the global three-dimensional Pareto front considering gearbox mass, 

gearbox volume, and gearbox efficiency simultaneously. The obtained Pareto surface clearly 

demonstrates the conflicting relationships among the three objectives. Solutions with high 

efficiency are mainly concentrated in the region of large gearbox mass and relatively small 

gearbox volume, whereas lightweight solutions are generally associated with lower 
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efficiencies. The selected compromise solutions projected onto the mass-efficiency plane are 

shown in Fig. 8. These solutions are well distributed along the global Pareto front, confirming 

the capability of the proposed framework to identify representative trade-off designs for 

different transmission ratios. In practical engineering applications, such solutions can provide 

designers with flexible alternatives depending on design priorities. 

 

Fig. 7. Global three-dimensional Pareto front considering gearbox mass, gearbox volume, and gearbox efficiency 

 

Fig. 8. Selected compromise solutions projected onto the global Pareto map 

Figure 9 shows the compactness trend of the selected compromise solutions. As the total 

transmission ratio increases, the gearbox mass decreases significantly, while the gearbox 

volume increases continuously. This trend further confirms the existence of a design conflict 

between lightweight construction and volumetric compactness. Finally, the normalized 
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performances of the selected compromise solutions are presented in Fig. 10. The normalized 

comparison clearly reveals that no single solution simultaneously achieves the best values for 

all objectives. Therefore, multi-objective optimization is essential for balancing gearbox 

efficiency, structural compactness, and lightweight design requirements. 

 

Fig. 9. Compactness trend of the selected compromise solutions with increasing total transmission ratio 

 

Fig. 10. Normalized performance comparison of the selected compromise solutions 

5. CONCLUSION 

Overall, the obtained results confirm that the proposed NSGA-II-based framework is 

effective for solving the multi-objective optimization problem of two-stage helical gearboxes 

namely in simultaneous optimization in case of three conflicting objectives: minimizing 



16  D. Vu. et al. / Journal of Machine Engineering, 2026, Vol. 26, 

 

gearbox mass, minimizing gearbox volume, and maximizing transmission efficiency. The 

optimization results also demonstrate that the total transmission ratio significantly affects the 

Pareto-optimal design characteristics and should therefore be carefully considered during 

gearbox design. The quantitative analysis and findings  specified a significant novelty of the 

study. 

This study proposed a multi-objective optimization framework for two-stage helical 

gearboxes using the NSGA-II algorithm. Three conflicting objectives, including minimization 

of gearbox mass, minimization of gearbox volume, and maximization of gearbox efficiency, 

were simultaneously optimized. The influence of 𝑢ℎ was systematically investigated within 

the range of 𝑢ℎ = 5–35. The results showed that the transmission ratio strongly affects 

gearbox compactness and efficiency. Lower transmission ratios provided higher efficiencies, 

reaching approximately 97.5%, but resulted in larger gearbox masses. In contrast, higher 

transmission ratios reduced gearbox mass while increasing gearbox volume and decreasing 

efficiency. The minimum gearbox mass decreased from about 271 kg to approximately 234 kg 

as 𝑢ℎ increased from 5 to 35, whereas the minimum gearbox volume increased from 

approximately 1.63 × 107mm3 to 2.16 × 107mm3.The obtained Pareto fronts demonstrated 

clear trade-offs among the three objectives, indicating that no single solution can 

simultaneously achieve the best values for all performance criteria. In addition, the optimal 

transmission-ratio distribution changed significantly with increasing total transmission ratio, 

highlighting its important role in gearbox design. It would be better to role the lubrication 

volume and the impact of the design in terms of the production costs or the operating 

conditions. 
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